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ABSTRACT 

A linear flat strip antenna lies between several dielectric layers in a 

direction parallel to the interfaces. Its impedance is formulated variation- 

ally as an infinite double integral. For thin half-wave antennas in a homo- 

geneous medium the double integral is evaluated analytically and it gives 

standard impedance expressions. For antennas of finite width the integrals 

are evaluated numerically and for a homogeneous medium the impedance has been 

correlated with the theories of King and Middleton, Wu, with the impedance 

computed from a complementary slot antenna and with available measurements. 

The impedance is also computed for antennas in a dielectric layer, and the 

decrease of the radiation efficiency observed with increasing electrical 

thickness of the layer is explained with the increased amounts of surface 

wave power and in part by local dielectric losses. For insulated antennas 

located in a dissipative medium the theory presented here yields results in 

better agreement with measurements than the conventional transmission line 

theory. The transmission line theory is shown to give too large a resistance 

and reactance at the full-wave resonant peaks of the impedance and too low a 

resistance for short antennas. 
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1.  DiTRODÜCTIOM 

Numerous Investigations have been reported of the input impedance of linear antennas in 

homogeneous lossy media [King, 1956$ King and Harrison, I960; King and Iizuka, 1963]. Treat- 

ments of insulated antennas in a highly dissipative medium have been based on transmission 

line theory [Moore, 1951, (Jhose, i960, Guy and Hasserjian, 1963j. The theory of insulated 

antennas in an infinite dissipative medium has been further refined by King [196U] but there 

are at present no impedance calculations for linear antennas in the presence of stratified 

media of arbitrary parameters. This may be due in part to the difficulty of treat* ,ig the 

cylindrical boundary of the antenna and its insulation simultaneously with the planar bound- 

ary of the dielectric layers. 

Slot antenna impedance for plasma and dielectric layers have been considered by Galejs 

[I96U, 1965a,b] and by Villeneuve [I965] and the impedance of an insulated loop in a dissi- 

pative medium has been calculated by Galejs [1965c]. A similar variational impedance formu- 

lation is derived herein for linear antennas surrounded by a stratified dielectric. The lin- 

ear antenna is assumed to be in the shape of a rectangular strip of zero thickness that is 

excited at its center and is sandwiched between parallel dielectric layers as shown in Fig. 1. 

The dielectric regions are surrounded by free space, but the layers may be unsymrnetrical with 

respect to the antenna. For semi-infinite media one of the boundaries between the dielectric 

and the free space can be made to recede to infinity. 

For dielectric layer« that may be lossy or that can support surface waves the power 

radiated into the two lossless half-space regions will generally differ from the power sup- 

plied to the antenna. Hence, separat« expressions are derived for the input impedance of the 

antenna and for its radiation resistance. The integrals of the resulting expressions are 

evaluated in closed form for antennas in a homogeneous medium. The well known results for a 

thin half wave antenna in free space or in a homogeneous dielectric provides a simple check 

of the development, as is shown in section 3.1.    Ir. section 3-2 the present formulation is 

compared with available theories for homogeneous media. Calculations for an insulated strip 

antenna in a dielectric layer are reported in Section 3-3• Section J.k  considers the insula- 

ted antenna in a dissipative media?.. Comparisons are made with the conventional transmission 

line th< ory and several measurement«. 
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2.0 ANTENNA DRIVING POINT IMPEDANCE AND RADIATION RESISTANCE 

The driving point impedance of a fiat ctrip antenna may be confuted from the expression 

// E • J^ dx dy 

tl(x-O)]4 
(1) 

which is stationary with respect to small changes of the surface current density J or of the 

current l(x,y) about its correct value (Harrington [1961], Section 7-9). The surface current 

J is assumed to have only an x-component J , which in addition, is an even function about 

x«0| y«0. The anteuia fields can be expressed as a superposition of TE and TM modes and it 

follows from the Appendix that 

Ja»» 

[2* I(x-O)]' 

p» reo      r pr 

)cos ux cos vy dx dy du dv (2) 

where 

F(u,v) 
1-R. aop 1~R 

2^ 2 ' op 1+fl 
u +v '-    *       aop 

+ 7 
iq 1+R 

alq 

aiq 

-1 
2 2 

2   rk   14« kf  1 
u    op   pop   iq 

U2+v2 L7op 1_Rbop 7iq 1_Rbiq 

ia (3) 

The designation of the dielectric layers by subscripts is seen from Fig. 1 and in particular 

the subscripts op and iq designate dielectric layers next to z«C for z J> 0 and z <, 0 respect- 

ively. The other symbols are defined as k.. ■ va&» €, (+laM o,, • 7,t ■ J vk2 -u2-^ , where jl o Ji   o je   ji jl 

j-0 or i and J o l,2...p or l,2...q. The reflection coefficients of the TE modes R   and of ajx 

the TM modes R  depend on the dielectric structure for |z| > 0. For stratified dielectric 

M1 layers as shown in Figure 1 the reflection coefficient R      (d=* or b) in the region of |z 

£ Izj  £ |zJ   is related to the reflection coefficient R ,       x of the region |zJ  < |z|  £ |z      j 

by the expressions 

-R 
2rt\zg\ 

2Vilzf! 
e +R a(j-l) I    L a(/-l) 

&*l '~*>T^ +R a(i-l) 
1-1 
7i    L 

e27'-^'-R a(l-l) 

00 

^1-lN2 f.27!-!'*!1 

*b ■ e 
*>i\*i\l\*t) Le **b(l-l) 

'i-l e 
I    L 

_Rb{4-l) 

e '"bd-D 

(5) 
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where th* subscript "J" has been omitted In the right hand sides of (h)  and (5). Ft. t  is de- 

rived by considering the scalar functions (^0) to (U3) in two adjacent layers and by requir- 

ing the tangential field components (kk),  (45), {kj)  and (^8) to be continuous across the 

interface. The computations should start with 1-1 where R. /, .v ■ R   ■ 0 in (U) and (5). 

A series of computations gives then Rd1l, R,,«, Rd,, and finally R.. or R.  in (3). 

The antenna current density is assumed to be representable by [Oalejs I963, I965] the 

trial function 

Jx(x,y) - U sin[k(j-jx|)] + B{l-cos[k(J-|x|)]}]f(y) (6) 

with f(y) ■ l/(2t) - const. Substituting (6) in (2) and utilizing the stationary character 

of the impedance expression for determining the complex amplitudes A and B, it follows that 

[Galejs 1963, 1965] 

(7) 

with 

A  7BB FA ' 7A3 FB 

* " 7AA FB " 7AB FA 

7      7AA 7BB " 7AB Z  (8) 

A ' *S 7AA " 2FA FB 7AB + A 7BB (9) 

V •*» W (10) 

V 1 " C0S ki (11) 

'm'-J-2    I     ^{^^J    l     du F(u,v)g1|(u)gM(u) 

I 
I 
I 

(12) 

gA(u) - -~5 (cos ui - cos ki) /,,) 
k -u 

%(*) " ~r~z (| «in ui - sin ki)   . {lk) 
k -u 

The impedance can be also computed for the sinusoidal field distribution term by setting 

B - 0 in (6).    This gives 
7AA 

I A 
The power radiated into the region outside of the dielectric slabs can be computed as 

I Pr- Rej J E x Ff*  • ds (16) 

I 
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where the Integration is carried out over the outermost surfaces of the dielectric (2 « z . 

and z..) and vhere ds it in the direction of the outward normal. After substituting the 

Held expressions of the Appendix, (l6) becomes a six fold Integral. The x and y integrals 

are carried out first and they give delta functions. The two subsequent integrations are 

trivial and the remaining double integral becomes 

Pr-£r-/°dU/     °      dv   Vk2-u2-v2 (u2+v2) (l7) 

|A    I* + |A 
00 ' lo 

2+k2|B    j2+k2 

o1  oo1 o |B10!2] 
where A, and B. designate the complex amplitudes of TE and TM modes for z > z , (when J-O) 

Jo     Jo " ol 

and for 1 < z.. (when J-i). The amplitudes A  and B, are related to the corresponding amp- '11 Jo Jo 
litudes in the dielectric region near the antenna A  and B. (s-p for J-O, s-q for J-i) by js js 

matching the tangential field components across the dielectric interfaces.    This gives 

Jo 

s 
n 

e'^'+R       e __ * RaJJ e 
"VV 

l-le
7j(l-l)lZJ|l  + 

-7 

'»j(l-l) e 
j(i-l),ZJJ! J» 

(18) 

Jo 

_7.jlZ.jl W 
lr   „__  W 

2-1    7j(l-l)lZJjl       " -7J(|.1)IZJ|I 
^B4 
7Jo    J8 

(19) 

where R  .    - R, .    - 0 and where IT - 1 in absence of dielectric layers (s-0).    A,    and B,    are ajo       njo Js Js 

related to the amplitudes A and B of the trial function for the antenna current density (6) by 

J.      !«_,. 

1-R 
7op m 

aop 

aop aiq lq 1+K H(tt,v) (20) 

7J.BJ- 
+      tt 

V 
op      J>qp     ___       t>lq 

op ^ op 7iq *'\ iq 
H(u,v) (21) 

with 

„(«,„) . ^ (^)2 !^ja a UgA(u) ♦ %(U)1 
u +v L J 

(22) 
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The minus sign of (21) should be used with J-o and sap, the plus sign with J»i and s»q. With 

P of (l6) related to A and B by (17) to (22),  the radiation resistance R may be defined as 
r r 

R L_- F_ (23) 
r       |l(x-0)|2       !AFA+BFB|2 

where the complex ratio A/B IS given by (7). 

With no losses present In the dielectric layers the power carried by surface waves that 

are guided along the dielectric interfaces can be computed as 

Pg - Re  // E x H* • ds (2k) 

where the integration is carried out over the surfaces x - ± CD  and y • ± OD  and where is   in 

the direction of the outward normal.    Considering an antenna located at the center of a single 

lossless dielectric layer (p-q«l) of thickness 2a ■ z    - 1    ,  the integral* representing the 

2        2        2 fields in (2k) are singular for those values X   ■ u   + v , where R    .- R ..» 1 or R.     « R     ■ 

-1.    This gives 

t-nfak   vc  -»*) -   ^± (Sg) 
v  °   r   J    4T^z 

and  
.  v Vc    - w2 

tanfak   Vt -v2) r_ _ (26) 
V    °     r     J cr^w2TI 

with 1 < (w-x/k ) <   vt    and c -t ,/e -e.,/t    as the equations for determining the character- 0 r r   ox   o    ix   o 

istic values X for TE and TM modes respectively. Equation (25) has real solutions for the TE 

modes for any thickness of the dielectric layer. Equation (26) has real solutions for the TM 

modes only for ak <Jt -1 > x/2. For lossless dielectric there are no complex solutions which 

satisfy the radiation condition following Whltmer   [19U8]. 

Substituting the field expressions of the Appendix,  (2k) becomes a six-fold integral. 

In the Integrals over the X"±a>(y-±ao) surfaces the y (x) integrals give delta func- 

tions, which makes one of the v (u) integrals trivial.    The two u (v) integrals are computed 

by evaluating the residues at the poles given by (25) and (26).    The z integrations are triv- 

ial and (2k) is reduced to 
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P   - P 
8 8 

+ P     j 
TE        8    TM 

where 

TE 

o 
"87 WbfH» 8in(-2i7ola)  -,     coa*(-l7^a) l" I     coa v-17ola; 1 

r-\-—^—; 

(27) 

(28) 

(lxl + V 

TM "BT 
ol 

kolX 

72    -72 

t        'oo      'ol 

"r (t  7    )2 - 72 7°° v r'oo'        'ol 
(29) 

al 
8ln(-2i7ola) 

+ -|^8ln2(-i7.a) 
73 0l 

00 
»W 

/      dv V 
311     vlo   >/5?^5 

g( Vx2-v2) h(v) (30) 

I..,  -    f du N/X2-U2 

yi u»o 
5(u) h( Vx2-U2) (3D 

r_ -   f dv N/X7^5 

»o 
x2      j 

V%0 

g( Vx2-v2) h(v) (32) 

X ... u2 
g(u) h Vx2"^ 

g(u) - 2X [A gA(tt) * B gB(u)l 

(33) 

(34) 

h(v) - sin fv/tv, gA(u) and g^u) are defineu by (13) and (Ik), 7nn U negative and 7      is 
00 

purely imaginary. The antenna input resistance Rg associated with the surface wave power is 

computed from (27) by analogy with (23). 
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3.0 NUMERICAL CALCUIATIOHS 

3.1 The Free Space Impedance of a Thin Antenna 

The antenna impedance (8) or (15) 1* expressed In terms of double Integrals (12), which 

can be evaluated analytically for the antenna in a homogeneous medium. The free space imped- 

ance (1?) of a thin half-wavelength antenna will be considered as a simple example. For 1 ■ 

X/k  - x/(2k ), k of the trial functions (6) set equal to k » m sp c , and with R.., - 0 
o 000 OjJ» 

7.A of (12) simplifies to 'AA 

„    ^o r- /.intvf r * 2   r» ^cos2(|H) 

.&.#(&.&) 

With F. ■ 1, substitution of (35) in (15) gives the real part of the impedance as 

(35) 

ReZg.-^ 
kdueos2(2g)     r>/i^u2 rx au cos ig gj 

I k2-u2 
dv 

Vk2-u?-v2 
(36) 

OM.O    rk du cos2(| £) 

JrtüT * 

<ot      rx du cos 

~ I   TFuTT 

After expanding the denominator in partial fractions and changing the variables of integra- 

tion to (k-u) and (k+u) 

Re Zg ■ 60    / 
2   sln2(|x) 

dx - 30 [log(2x) + 0.5772 - Cl(2x)] 

- 73.1 

(37) 

where Ci(x) is the cosine integral.   The imaginary part of the impedance is obtained as 

2BU 
la Z   ■ - s P^^IH"*] 

.2/X U\ 
co* (g k} /sin «v\2 1 

k2-u2     \   "  J   <£&&& 

(38) 

(38) 

The v-integrations become elementary by noting that (sin cv/cv) * 1 over the range of v where 

Vv2«Hi2«k2 + v. (This applies strictly If t-»0 and u £ uQ - finite.) It follows that 



«• du CO« (» c) <m»   r- au coiijfir       i -I 
(39) 

2 2*0 r dy log ysinjg . . „ Sl(2j|) . . ^ 
* 4>      *-y2 

where Si(x) 1« the sine integral. The numerical values (37) and (39) are recognized as stan- 

dard results [Kraus, 1950, Sec. 10.3]. 

Considering the previous example of free space and a thin half-wavelength antenna, the 

radiation resistance R (23) simplifies under similar assumptions to Re Z of (36) and (37). 
r s 

3.2 Antennas in a Homogeneous Dielectric 

Impedance calculations for an antenna of a finite width are first carried out for homo- 

geneous media where other solutions are already available. 

The free space impedance of a x/2 antenna is shown in Figure 2 for various values of the 

width c or of the parameter 0 ■ 2ln(Ul/t). Also shown in Figure 2 are the impedance of a 

cylindrical antenna of radius a ■ c/2 (Table II.30.I of King [ 1956]), and the impedance Z 

computed from the admittance 7 of a complementary slot antenna [Galejs, 190k] using the form- 

ula Z ■ p Y/l2c(l+i tan 6)]. The assumption of a sinusoidal current distribution is shown to 

give an incorrect resistance for antennas of finite width. For A < 10 the reactance computed 

by King [1956J, is nearly the same as for the assumed sinusoidal current distribution and it 

differs from the other computations. There is good agreement between the various computations 

for antennas of 0 > 11. 

The admittance of the strip antenna in a lossy medium is compared in Figure 3 with the 

admittance of a complementary slot antenna [Oalejs, I96*], with measurements of Iizuka and 

King [Fig. 10, 1962] and with the theory of Wu [1961, Oooch, et al 1963]. The antenna ad- 

mittance calculated from King [1996] for a lossless dielectric is also indicated in Figure 3. 

The antenna length is eq-aal to one-half wave length for low dielectric losses and c - e./«. 
r  «. o 

changes from 78 to 69 with increasing losses as indicated by Iizuka and King [1962]. There 

is good agreement between the various theoretical curves for tan 5. < 2. The measured con- 

ductance appears too low for a low loss dielectric. The theory of Wu gives lower susceptance 

figures for high loss tangents. The admittance of the complementary slot has been computed 

8 
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using a complex value of k-k vt-/«  Vl-M. tan 6.  In the trial functions (6), while the ad- 
o  a o a 

mittance of the strip antenna was computed using real values of k-k vcT/c . This may account 

for some of the differences between the two sets of calculations for larger values of tan 6.. 

3.3 Antenna in Dielectric Layers 

The Impedance of a linear antenna located either in the center or on the surface of di- 

electric layers of various thicknesses 2d is shown in Figures k-9 along with the correspond- 

ing efficiency figures. All the calculations of these figures are made for antennas of fl » 8 

and the heavy horizontal lines Indicated on the sides of the figures denote the impedance for 

d-0 or ao computed from a complementary slot antenna. The radiation efficiency is computed 

as a ratio between the power radiated normally through the dielectric surface as indicated in 

(l6) and the power supplied to the antenna. The surface wave efficiency denotes the ratio 

between the total power carried by the surface wave for a lossless dielectric in the direct- 

ion parallel to the dielectric surface and the power supplied to the antenna. For a lossy 

dielectric that part of surface wave power which flows outside of the dielectric layer will 

be eventually dissipated inside the dielectric and this power will not appear as part of the 

power radiated outside the lossy dielectric in (l6). The sum of the surface wave efficiency 

and the radiating efficiency are a little less than unity for a low loss dielectric (tan 0. 

>0.03) in figures k and 5, and appreciably less than unity for higher dielectric losses 

(tan 6. ■ 0.1 and l) in figure 6, when significant dissipation occurs in immediate vicinity 

antenna. For antennas located in the center of the dielectric layer the radiation efficiency 

is decreased by increasing the dielectric constant of the layer (figure 5), but it is unchang- 

ed for the several antenna lengths shown in figure k. 

For antennas located on the surface of the dielectric layer (figures 7 and 8) the radia- 

tion efficiency is practically unaffected by changes of the antenna length shown in figure 7, 

and it is also decreased for higher values of c.. The calculations of surface wave efficiency 

have not been carried out in the case of antennas located on the surface of the dielectric 

layer. 

For dielectric layers of «•/« < 1 (approximation of a plasma layer by an isotropic di- 

electric) the impedance curves of figure 9 are much smoother than for e./e > 1, when the 
CL  O 

layers could support surface waves. Also the radiation efficiency is decreased more gradually 
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with increasing layer thickness. 

Varlatlonal approximations to the current distributions of the antenna configurations 

shown in figures k-9 are computed fron equations (6) and (7) and are shewn in figures 10 and 

U. There are significant deviations from the usually assumed half wave sinusoidal current 

distribution and these deviations become more significant with increasing thickness of the 

dielectric layer d, the antenna length 1 or the dielectric constant c.. Thick layers of a 

lossy dielectric make the current distribution approach a triangular one. A similar change 

is observed with increasing layer thickness d if c. < c and with the decreasing e, in figure 

U when the antenna tends to become electrically shorter. 

The above approximate current distributions are the best possible fits to the actual cur« 

rent distribution using the trial function (6) and should be indicative of the trends observed 

in the actual current distributions with changing antenna parameters. 

3.k   Insulated Antenna in Dissipative Medium 

The calculated admittance of an Insulated strip antenna in a dissipative medium is com- 

pared with admittance measurements by Iizuka [1963] in Figure 12. A cylindrical wire of rad- 

ius a insulated by a cylindrical dielectric shell of outer radius b from the surrounding dis- 

sipative medium is compared with a strip line of width Ua laying in the center of a dielectric 

layer of thickness 2(b-a). In the limit of a highly conducting outer medium the characteris- 

tic impedance of the line Z in the cylindrical geometry of b/a - l.k to 10 approximates Z of 
o o 

the corresponding planar geometry with a 10 percent accuracy [Reference data, 1996] which may 

indicate an approximate equivalence of the two geometries for tan 6. » 1. The comparisons of 

the calculated and measured admittance data indicates a qualitative agreement. 

In Figure 13 the Impedance of an Insulated cylindrical wire measured by Guy [Figures 3.2k 

and 3.25, 1962} is compared with transmission line calculations following Guy and HasserJian 

[1963] and with calculations for the approximately equivalent model of the strip antenna. The 

calculated resistance data agree very well with measurements but there is only fair agreement 

with the measured reactance. The transmission line theory gives too low resistance figures for 

small antenna lengths and it also produces too large resonance peaks in resistance and react- 

ance. These observations are particularly pronounced In the present example where tan 5 var- 
8 

ies from 2.k to 0.3 in the frequency range indicated in Figure 13* The same basic differences 

10 
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between transmission line theory and the measured data can be seen from other measurements 

with higher loss tangents (Figures 3.12 to 3.29 of Ouy [19&] or Figures 3 and 5, Fenwlck and 

Weeks [1962]). 

'The Impedance of an Insulated strip antenna located near the Interface between free space 

and a lossy dielectric half space (ground) Is shown In Figure Ik  for several values of the 

loss tan 6 . The transmission line theory Is applied to an approximately equal geometry with 

a cylindrical conductor In Figure 15« For tan 8 ■ 100 there is fair agreement between the 

two sets of calculations, but for tan 6 ■ 10 the transmission line theory gives an increase 

In the size of the resonant peaks, while they are definitely lower for the calculations shown 

in Figure Ik.   Also there is a significant increase of the resistance for short antenna lengths 

and there is a relatively small variation of the resistance component with the changing an- 

tenna length for tan 6 ■ 1. The high values of resistance for a small antenna lengths in- 

dicate significant power dissipation in the vicinity of the antenna. For a dipole In direct 

contact with the ground, the resistance should approach infinity, but insulation and the 

finite antenna length have the effect of keeping this resistance finite. The radiation ef- 

ficiency should be improved by decreasing values of tan 8, but for short antenna lengths and 

for tan 8 ■ 10 the efficiency is nearly the same as for tan 8=1, due to the very high re- 
8 E 

sistance components shown in Figure Ik  for tan 8 ■ 1. The resistance components shown for a 

short antenna in Figure Ik with *J*    ■ 6 are higher than those of Figure 13 with «J« ■ 80 

for the lower frequencies, because In the latter case there is a large difference in dielec- 

tric constant between the dielectric and ground, and as a consequence, less of the near fields 

is stored in the ground with smaller attendant ohmic losses. 

3.5 Conclusions 

In the present varlational formulation the antenna impedance is expressed as a double 

integral that is evaluated numerically, except for the trivial case of a thin half-wave an- 

tenna. For an antenna In a homogeneous medium the present formulation gives reasonable agree- 

ment with other theories [King, 1956; Wu, I961] and it has been correlated also with impedances 

computed from complementary slot antennas [Qalejs, 196k).    The antenna impedances and radia- 

tion efficiencies have been also computed for antennas on or within dielectric layers And 

radiation efficiencies of 60 percent or more can be achieved with dielectric layers of mod- 

erately dielectric constants (*J*   < 3) and with layer thickness of less than 0.01 X. 
11 
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For insulated antenna within an infinite diaslpatlve medium the calculations have been cor- 

related vith measurements of Iizuka [1963] and Guy [1962] and also with transmission line 

theory. Further comparisons have been made between the present formulation and the trans- 

mission line theory for insulated antenna near the Interface between free space and a semi- 

infinite lossy dielectric. The transmission line theory is shown to give too large resonance 

peaks of the input resistance and reactance. Also it gives too low resistance for shorter 

antennas. 
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APPENDIX 

FIELD COMPONENTS 

The fi> ds excited in the geometry of Fig. 1 will be expressed as a superposition of 

TE and TM nodes that are derived from scalar functions T and • respectively. The region 
J    J 

of 2 > o next to the antenna is designated by a subscript o, the region of z < o - by a 

subscript i. For an exp(-iut) time dependence of the fields the scalar functions are of 

the form 

»o - ff AO(U,») ."
lux .-^(.V ♦ R^."'0*) du av ika) 

•o • ff  Bc(u"') '~±UX e"1Vy <«V + \o'''°ll  *• * W 

*i " j/ VU'v) e"iUX e"iVy (e * + Raie A ) du dv (42) 

•t - ff  B^U.T) e"iux e-1^ (e"V ♦ R^e'1*) du dv <*3) 

where R  and R^ are reflection coefficients. The field components are related to 

*   and *   by 
J J P 

Exj "  |  *j +   oTox"  #j (W) 

Eyj * -   5 *) +  3T3y   #j <*3> 

*«•<£•■$) •> öxc       öy' 

_   I s o 

Hxj ■ i£r [ sr^ Tj+ *j si *j ] 

Hyj" IST [ arsy- *j - kj s •j] 

# 
H*j"-i%(i7+  *0 

(*6) 

(*7> 

(W) 

<*9) 
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and applying the E and E boundary conditions it follows that 
x    y 

I 
RR No. kk$ I 

The current of a linear density J is assumed to flow only in the x direction along the | 

antenna and the field components satisfy the boundary conditions E  - E , E  » E , 
AX      AU    Jr X      y^ 

H"H ,H«H  +Jx, forz-o. After substituting (1*0) to (U3) in (WO and (U5) f 

I 

I 
- 'oBo <"t,> L ^^     ^^ J I 

(52) 

<£>2JFjx«lux«ivy*** [ 

V^ao* * Ai(l+Rai) (50) 

W14^ ■riBi(-1+Rbi) (51) 

The H and H boundary conditions lead to 
x    y     * 

uu u 
o 

2A 2 u +v 

(53) r 

*-<-ao> \K,^m       ...^ 

WU V 
o 

2^ 2 
u +v 

< & ) / <x «lUX •*" * * 

The amplitudes A. and B. are related to the linear current density of the antenna J 
J J A 

are thus uniquely related to J . 

r 
by (50) to (53)• The scalar functions T and ♦ and the field components (kk)  to (U9) I 

[ 

I 
I 
I 
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